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We show that the general quantum state of synthetically spin-orbit coupled ultra cold bosonic
atom whose condensate was experimentally created recently ( Y. J. Lin et al., Nature, 471, 83,
(2011)), shows entanglement between motional degrees of freedom ( momentum) and internal de-
grees of freedom (hyperfine spin). We demonstrate the violation of Bell-like inequality (CHSH)
for such states that provides a unique opportunity to verify fundamental principle like quantum
non-contextuality for commutating observables which are not spatially separated. We analyze in
detail the Rabi oscillation executed by such atom-laser system and how that influneces quantities
like entanglement entropy, violation of Bell like Inequality etc. We also discuss the implication of
our result in testing the quantum non-contextuality and Bell’s Inequality vioaltion by macroscopic
quantum object like Bose-Einstein Condensate of ultra cold atoms.
PACS numbers: 03.75.Mn, 03.67.Mn, 03.75.Gg
INTRODUCTION
Entanglement, a highly enigmatic feature of quantum
mechanics implies a non-local correlation between two (
or more ) quantum systems such that the description of
their states has to be done in reference to the each other
even when they are separated by space like interval. This
is a direct consequence of the fact that a state of compos-
ite quantum system can be expressed as a linear super-
sposition of tensor product of the states corresponding
to its different parts. This was first pointed out by E.
Schrodinger [1] and around the same time by Einstein,
Podolsky and Rosen (EPR) [2] who cited this property
to question the compatibility of quantum mechanics with
local realism. Almost a half century back in a milestone
paper, J. S. Bell [3] addressed this fundamental ques-
tion raised by EPR with the help of Bell’s Inequality(BI)
whose violation denies the existence of Local Hidden vari-
able (LHV) theories and validates the existence of EPR
like non-local correlation in quantum mechanical states.
The demonstration of the violation of BI in experiments
[4] thus forms a fundamental test to validate quantum
mechanics as the the right physical theory.
Subsequent works indicates that the BI has more gen-
eral implication like quantum non-contextuality [5–7]
which means that the outcome of a particular measure-
ment is determined independently of previous (or simul-
taneous) measurement of any set of mutually commutat-
ing observables [8, 9]. Only when such set of observables
commutes due to their space like separation, they corre-
spond to the cases for which EPR like non-local correla-
tion is relevant. A true test of quantum non-contextuality
thus requires exploration of entanglement like properties
and the test for BI in commutating observables that are
not spatially separated. Availability of such experimental
systems is not very common[10].
In this work we show that synthetically spin-orbit cou-
pled (SSOC) ultra cold bosonic atoms that was recently
realized in experiments [11, 12] provides a quatum sys-
tem where bipartite entanglement like quantum correla-
tion occurs between motional observables ( momentum)
and intrinsic observable ( spin) of a given atom and thus
provides us an unique opportunity to test the concept of
quantum non-contextuality for commutative observables
of same object, that are not spatially separated. Ultra
cold atomic systems [13–17] are very clean, almost bereft
of any thermal fluctuation and highly isolated from the
classical envirornment and thereby form one of the most
ideal quantum systems. Spin-orbit coupled ultra cold
atomic system [11, 12, 18–21] is one of most significant
development in recent times in this direction and par-
ticularly being explored extensively for the possibility of
quantum simulating novel topological condensed matter
phases [22] with such spin-orbit coupled ultra cold atoms.
In this context our work extend the outreach of such
ultra cold quantum system in a different direction by
showing that it has the potential of testifying fundamen-
tal question associated with the quantum world such as
non-contextuality. Additionally the experiment on SSOC
Bose Einstein Condensate (BEC) [12] already suggest
that even though the system is interacting, its phase di-
agram can be understood from a non-interacting single-
boson effective hamiltonian. Therefore our results rigor-
ously derived for spin-orbit coupled ultra cold bosonic
atom may also be applied for SSOC BEC which is a
macroscopic quantum objects consists of a large num-
ber of atoms in quantum mechanical ground state. This
provides an opportunity of studying quantum non con-
textuality, BI violation, entanglement like properties for
a macroscopic and massive quantum objects, an instance
which is not commonly available [23, 24].
Using well established definitions for entangled states
we first demonstrate that the general quantum mechani-
cal states of such SSOC ultra cold bosons satisfy the cri-
terion of bipartitite entanglement and we quantify such
entanglement with well known entanglement measure like
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2FIG. 1: (Color online) The color axis in each figure plot-
ted |C2(t)|2. Fig. (a) and (b) with the initial condi-
tion C1 = 0, C2 = 1 with δ = 0, 2E0 respectively. Fig.
(c) and (d) are with initial condition C1 = C2 =
1√
2
and δ = ±2E0 respectively. And for figures λ0 = 2pik0 =
804.1nm.The black lines depict the ground state energy
dispersion (see the text for details).
entanglement entropy and concurrence. We particularly
show how the dressed states of such atoms execute a Rabi
like oscillation between two different energy minimums in
the momentum space and how such oscillation leads to
the similar oscillation in well known entanglement mea-
sure like entanglement entropy and concurrence. Finally
we show how such entanglement between motional and
spin-degrees of freedom can lead to the BI violation.
BASIC FORMALISM: HAMILTONIAN AND
TIME EVOLUTION
The SSOC system considered here was experimentally
realized in NIST experiment [12] and consists of ultra
cold 87Rb atoms in two internal states, |mF 〉 = |0〉, |− 1〉
available in F = 1 hyperfine state of 5S
1
2 electronic levels.
A pair of counterpropagating Raman lasers couple these
states and the non-interacting/single-atom hamiltonian
for the corresponding system can be written as H ′SO =
~2(k2x+k20)
2m I +
δ
2σy +
Ω
2 σz +
2~2k0kx
2m σy. After performing
a suitable pseudospin rotation on the above hamiltonian
[25] it can be rewritten as
HSO =
[
~2
2m (kx + ko)
2 + δ2
Ω
2
Ω
2
~2
2m (kx − ko)2 − δ2
]
. (1)
Here kx and k0 are repectively atom and photon mo-
mentum, Ω is the Rabi coupling strength and δ =
~(∆ωL − ωz), where ∆ωL is the detuning between the
Raman lasers and ωz is the Zeeman frequency. Since the
properties of the ultra cold BEC of SSOC bosons can
be understood through this non-interacting Hamiltonian
(1) [12] our subsequent discussion will be based on the
hamiltonian. Diagonalization of (1) gives energy eigen-
values Eg,e = E ∓A and the energy eigenstates as
|g〉 = C+| ↑, kx + ko〉+ C−| ↓, kx − ko〉
|e〉 = −C−| ↑, kx + ko〉+ C+| ↓, kx − ko〉 (2)
with C± = 1√2A (A±
√
A2 − Ω24 )
1
2 . Here the suffix g,e re-
spectively denote ground and excited state of the dressed
atom ( dressed states), Ex =
~2k2x
2m and E0 =
~2k20
2m , such
that
E = Ex + E0
A = 2E0
√
Ex
E0
(1 +
δ
4
√
ExE0
)2 + (
Ω
4E0
)2 (3)
and the states | ↓, kx − ko〉 and | ↑, kx + ko〉 are the bare
spin-orbit eigenstates. It may be pointed out that even if
the interaction is included in the mean field approxima-
tion, the condensate wave-function can be expressed as
a linear combination of these bare spin-orbit eigenstates
[26]. Since the atoms form a BEC [12] , kx in expression
(3) are determined from the minimum energy condition.
The dispersion Eg(kx) has respectively single and double
well like structure for Ω ≥ 4E0 and Ω < 4E0 respectively
with the corresponding minimas at kx = 0 in the first
case and at kx = ±k0
√
1−
(
Ω
4E0
)2
for the double well.
These dispersion is shown schematically ( black line) in
for δ = 0 in Fig. 1 (a) and for δ 6= 0 in Fig. 1 (b),
(c) and (d). The time evolution under (1) is given by
i~d|Ψ〉dt = HSO|Ψ〉 and the general time dependent nor-
malized state can be written as
|ΨSO(t)〉 = a exp(− iEgt~ )|g〉+ b exp(−
iEet
~
)|e〉
= C1(t)| ↓, kx − ko〉+ C2(t)| ↑, kx + ko〉 (4)
with ( σz, σx are Paul matrices)[
C1(t)
C2(t)
]
= e−i
E0t
~ [b exp(
iAt
~
))σz+a exp(
−iAt
~
))σx]
[
C+
C−
]
(5)
to be determined from the initial condition. For example,
if the atom is prepared in pseudospin (up)-momentum
state | ↑, kx + k0〉. Then |ΨSO(0)〉 = | ↑, kx + ko〉 ⇒
C1(0) = 0, C2(0) = 1 which gives a = C+; b = −C−.
The corresponding time evolved state at t ≥ 0 becomes
|ΨSO(t)〉 = [cos pit
T
− i
√
A2 − Ω24
A
sin
pit
T
]e−i
E0t
~ | ↑, kx + ko〉
− i Ω
2A
[sin
pit
T
]e−i
E0t
~ | ↓, kx − ko〉 (6)
3FIG. 2: (Color online) Fig. (a), (b) plot the entanglement
entropy (S) along the color axis as a function of time and
Ω
E0
for initial condition C1 = 0, C2 = 1 with all other
conditions same as Fig. 1(a) and (b). Fig. (d) is a similar
plot but with initial condition C1 = C2 =
1√
2
and other
conditions same as Fig. (b). Fig. (c) gives a comparative
plot for the time evolution of |C2(t)|2 (black thick solid
line), S (green dashed line) and concurrence C ( red thin
solid line) for initial condition C1 = 0, C2 = 1.
The probability |C2(t)|2 is plotted as a function of t
and ΩE0 with this initial condition in Fig. 1 (a) and(b)
respectively for zero and finite δ. The change in the
ground state energy dispersion above and below ΩE0 = 4
is also indicated schematically in each plot. From (6)
the time period for oscillation for |C1,2(t)|2 is T = pi~A .
At t = nT, n ∈ Z with |ΨSO(nT )〉 = cos(npi)e−iEonT~ | ↑
, kx + ko〉 ⇒ |C2(t)|2 = 1. For nT ≤ t ≤ (n + 1)T , the
amplitude get transferred to | ↓, kx − k0〉 state.
Through (3) A, inverse of the time period T , depends
on Ex and
Ω
E0
for a given value of δ. Now, kx and Ex(kx)
changes abruptly at Ω = 4E0 . Consequently when the
value of ΩE0 is continuously decreased, the time period T
also changes continuously. But at the point Ω = 4E0,
there is an abrupt change in T as can be in Fig. 1 (a)
and(b). When the coupling Ω ∼ 0, the system stays al-
most always in the initial state with C2 = 1, C1 = 0 as
can be seen in Fig. 1 (a) and(b). The transition prob-
ability to | ↓, kx − k0〉, |C1(t)|2 increases with increasing
Ω. It also depends on whether the detuning δ is zero,
positive or negative. The Fig. 1 (c) and (d) also plots
|C2(t)|2 but with initial condition C1(0) = C2(0) respec-
tively with δ > 0 and δ < 0.
ENTANGLEMENT AND ITS MEASURE
The desnity matrix for the state (4)
ρSO = |Ψ〉SO〈Ψ|SO =

|C1(t)|2 0 0 C1(t)C2(t)∗
0 0 0 0
0 0 0 0
C1(t)
∗C2(t) 0 0 |C2(t)|2

(7)
The matrix elements of (7) satisfies the condition ρiiρjj =
ρijρji, criterion for a pure state. Now we investigate the
entanglement like properties for this state (4) and show
that it satisfies the criterion for an bipartite entangled
state where the entanglement is now not between spa-
tially separated two subsystem for same degrees of free-
dom, but rather between two different degrees of freedom
of the same system. The basis states in the pseudospin
space Hs and the momentum(orbital) space Hk
|u1〉 = | ↓〉, |u2〉 = | ↑〉, |v1,2〉 = |kx ∓ k0〉 (8)
A general state inHs and inHk can be written as, |Ψ〉S =
a| ↑〉 + b| ↓〉, |Ψ〉m = c|kx − ko〉 + d|kx + ko〉 It follows
directly that for a, b, c, d 6= 0 that
|ΨSO(t)〉 6= |Ψ〉S ⊗ |Ψ〉m (9)
The above conclusion for the state (4) can also be veri-
fied from the Schimdt decompositin criterion of a pure
state that allows one to write it as an expansion of
biorthogonal terms |ui〉 ⊗ |vi〉 [29] (i = 1, 2) so that
|ΨSO〉 =
∑
i gi|ui〉 ⊗ |vi〉 with
∑
i |gi|2 = 1. Here gi’s
are called Schimdt coefficient and number of such gi are
called the Schimdt rank. The crterion for bipartite en-
tanglement is that is Schimdt rank is > 1. Now from (8)
we can directly check that the Schimdt rank for the state
|Ψso〉 is 2. Therefore the state satisfies the property of
an entangled state. Also from (7), the reduced density
matrix for (pseudo)spin and momentum are respectively
ρs = Trmρso =
[|C1(t)|2 0
0 |C2(t)|2
]
= ρm = Trsρso
(10)
From (7) and (10) clearly ρSO 6= ρs ⊗ ρm and this also
confirms the entanglement like behavior in the system.
The entanglement of the state in Eq. 4 can also be
verified through PPT(Positive Partial Transposition) cri-
terion given by Peres and Horodecki [27, 28] which is
a necessary and sufficient condition for separability for
dim(H1 ⊗H2) ≤ 6). For the present case 1 and 2 referes
to spin and orbit(momentum). and the dimension of the
product space is 4. After partial transposition (block-
wise transposition) of matrix ρSO given in (7) becomes
ρTSO =

|C1(t)|2 0 0 0
0 0 C1(t)C2(t)
∗ 0
0 C1(t)
∗C2(t) 0 0
0 0 0 |C2(t)|2

(11)
4FIG. 3: (Color online) (a) The dressed state of the
atom (pure state) defined in (2) on the surface of the
Bloch sphere with varying Ω. The color gives the value
of entanglement entropy S defined in (12). For all
such states azimuthal angle φ = 0 and polar angle
θ = arctan(
Ω
4E0√
Ekx
E0
+ δ4E0
) and such dressed states lies in
the x−z plane. The north and south pole corresponds to
bare states which are product states and the maximally
entangled state or Bell state lies in the equilateral plane.
(b) The Bell coefficient ß ( color-axis) as a function of
time (x-axis) and ΩE0 (y-axis) for conditions correspond-
ing to Fig. 1(a).
The eigenvalues of (11) are given by√|C1(t)|2|C2(t)|2,−√|C1(t)|2|C2(t)|2, |C1(t)|2, |C2(t)|2.
Since ρTso has atleast one negative eigenvalue, therefore
acording to the PPT criterion it has entanglement
between spin and momentum degree of freedom.
Once we demonstrate the entanglement in (4), we can
now try to quantify this entanglement for SSOC ultra
cold bosons using a suitable measure for entanglement
[30] such as the von Neuman entropy (deonoted as S). It
is known that for any given pure entangled state S = 0,
whereas the entropy of the subsystems is greater than
zero [31] since the state corresponding to each subsystem
of this bipartite system is a mixed state.
The above cirterion for the von Neuman entropy can be
established for the system under consideration. By def-
inition [31] S(ρ) = −Tr(ρ log ρ) = −∑i λi log λi where
λi are eigenvalue of the density matrix ρ. For the den-
sity matrix given in (7) the eigenvalues are respectively
1, 0, 0, 0. which readily gives S(ρ) = 0 as expected. Simi-
larly from the density matrices in (10), S for the subsys-
tems can be determined as S(ρs) = S(ρm) = S with
S = −|C1(t)|2 log |C1(t)|2 − |C2(t)|2) log |C2(t)|2 (12)
and satisfies 1 ≥ S ≥ 0. The entanglement entropy of
the system can be defined as the von neuman entropy of
either subsystem is equal to S. In Fig. 2 (a), (b) and(d)
S is plotted along the color axis for different initial con-
dition and different values of the detuning parameter δ.
By (12) S is entirely determined by |C2(t)|2. Therefore
the variation of S is very similar to the corresponding
variation of |C2(t)|2 given in Fig. 1.
For, |ΨSO〉 = | ↑, kx + ko〉, the state is a product state
( C2 = 1, C1 = 0), located at the north pole of the Bloch
sphere in Fig. 3 (a). From the Fig. 1(a) and (b) and Fig.
2 (a), (b) for such case the entangleemnt entropy S = 0.
Whereas the figures show that for maximally entangled
state such as |ΨSO〉 = 1√2 (| ↑, kx + ko〉 + | ↓, kx − ko〉
(C1 = C2 =
1√
2
) (indicated in the equitorial plane of the
Bloch sphere in Fig. 3 (a)), S = 1, its maximum value.
Another well known measure of entanglement in a sys-
tem is concurrence which is originally formulated to mea-
sure entanglement in mixed quantum state. Later, Hill
and Wootter[32, 33] introduce concurrence for bipartite
pure state as C =
√
2(1− Trρ2) Non zero value of con-
currence C confirmed the entanglement in system where
ρ is reduce density matrix of system. For the pure state
under consideration ρ = ρs = ρm. This straightforward-
edly gives C = 2C1(t)C2(t) which is ≥ 0 for a general
state (4). As expected C also shows same periodic vari-
ation in time as S and |C2(t)|2 in Fig. 2 (c).
VILOATION OF BELL LIKE INEQUALITY
Given the fact that the state (4) is entangled in spin
and momentum, it is expected to violate Bell’s Inequal-
ity [34]. The relevant inequality in this case is CHSH
inequality[35], which is a generalisation of BI and refer
as Bell-like inequality. To set the frame work for test-
ing BI we first define our basis states for different set of
measurements which are obtained from the basis states
defined in (8) by unitary transformtion. They are
uα = R(α)u,vβ = R(β)v
with R(θ) =
[
cos θ sin θ
− sin θ cos θ
]
and u = (|u1〉, |u2〉)T ,v =
(|v1〉, |v2〉)T . Here α, β corresponds to the angle made by
the the detectors that are measuring the mutually com-
mutating observables, pseudopsin and momentum. In
terms of these transformed basis states the CHSH in-
equality becomes
ß = |E(α, β) +E(α′, β) +E(α′, β′)−E(α, β′)| ≤ 2 (13)
where each E(α, β) is the correlation between spin |uαi 〉
and momentum |vβj 〉 degree of freedom of the ultra cold
atom and is given by
E(α, β) = P11(α, β)− P12(α, β)− P21(α, β) + P22(α, β).
(14)
Here Pij(α, β) is the probability of getting the atom in
the product state |uαi 〉⊗|vβj 〉 and are given by Pij(α, β) =
〈ΨSO|Pˆαi ˆP βj |ΨSO〉. Here Pˆα,βi s are projection operators
and given by Pˆαi = |uαi 〉〈uαi | and P βi = |vβi 〉〈vβi |. From
(4) and (14) one therefore gets
E(α, β) = cos(2α) cos(2β)+(C1C
∗
2 +C
∗
1C2) sin(2α) sin(2β)
(15)
5FIG. 4: (Color online) Schematic diagram for the spin
and momentm measurement for testing BI. In the circles
we show schematically the transformed basis in the spin
and momentum space.
which can be used to calculate ß in (13) to verify BI for
the current problem. It is well known that all choices of
α and β do not satisfy this inequality [38]. We made the
choice α = 0, β = pi8 , α
′ = pi4 , β
′ = 3pi8 for which
ß =
√
2(C1C
∗
2 + C
∗
1C2 + 1). In Fig. 3 (b) the above
expression for the parameter ß is plotted as function of
Ω
E0
for the initial conditions mentioned in Fig. 1(a) and
(b). As expected from the preceeding discussion and the
expression, ß also shows oscillation with time for a given
Ω
E0
. As can be seen for a wide range values for ΩE0 at
different detuning δ, the inequality is violated, namely
ß > 2. When the state (4) is a maximally entangled,
namnely C1 = C2 =
1√
2
, ß = 2
√
2 reaching the maximum
bound of the Bell Inequality violation, that is 2
√
2 given
by Cirelson [39]. On the otherhand when it is a simple
product state ( for example, C1 = 0, C2 = 1), ß =
√
2,
the BI is obeyed.
For experimental testing of BI we required a ensem-
ble of such atoms. We can calculate the correspond-
ing correlation E(α, β) through statistical measurement
given asE(α, β) = N11(α,β)+N22(α,β)−N12(α,β)−N21(α,β)N11(α,β)+N22(α,β)+N12(α,β)+N21(α,β)
with Pij(α, β) =
Nij(α,β)∑2
i,j=1 Nij(α,β)
. Stern-Gerlach (SG)set
up is a unique way of spin detection and was already
used for measurement in case of ultracold spinorial con-
densate [40]. Here we have to make spin measurement for
two different settings α and α′ of SG set-up which could
be, for example, the angle from +z axes if we consider
the pseudo spin in +z direction. A schematic of such set
up is depicted in Fig. 4. One can further do momentum
spectroscopy on the ultra cold atomic cloud to extract
the number of atoms collapsing in the state |vβj 〉 with
a given spin -orientation.From such joint measurements
the parameter ß can be determined.
Our work can lead to interesting possibilities which
has both fundamental and applied interest. It can be
starightforwardedly extended to experimentally realized
ultra cold fermions [18, 19] with spin-orbit coupling.
Coupling such spin-orbit entangled atom with each other
or with photons it is also possible to create systems with
different type of hybrid entanglement [41]. Since each
atom is entangled in spin and momentum degrees of free-
dom and shows Rabi oscillation, a periodic array of such
atoms in an optical lattice can implement SWAP opera-
tion in large scale quantum computation [17]. To summa-
rize this work demonstarted exciting possibility of testing
certain fundamental issues of quantum mechanics such
as quantum non-contextuality and BI violation with syn-
thetically spin-orbit coupled ultra cold bosons and potent
with extremely rich possibilities. We thank Emroj Hos-
sain for helpful discussion during the early stage of the
project. RK is partially supported by a DST INSPIRE
scholarship.
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